The phonon structure of GaP quantum dots is studied using an atomistic potential model. The dot eigenmodes are obtained from a direct diagonalization of the dynamical matrix and classified using an efficient dual-space analysis method. Our calculations provide a theoretical explanantion for several experimental observations. ͑1͒ Depending on the spatial localization, the phonon modes of dots are either dot-interior ͑bulklike͒ or surfacelike. ͑2͒ The frequencies of the dot-interior modes can be qualitatively described by the ''truncated crystal method'' using a single branch and a single wave vector of the bulk-phonon dispersion. In contrast, the surface modes cannot be described by this model. ͑3͒ The dot-interior modes have a dominant bulk parentage from a specific part of the Brillouin zone, while the surface modes do not. ͑4͒ The frequencies of the bulklike ⌫-derived longitudinal optical ͑LO͒ and transverse optical ͑TO͒ phonon modes are found to decrease with decreasing dot size. This decrease reflects the downward dispersion of the bulk optical-phonon branches away from the ⌫ point. ͑5͒ The surface modes located between the bulk TO-and LO-phonon bands have a significant bulk ⌫ character, and are thus Raman detectable. ͑6͒ The dot-interior modes exhibit only a slight LO/TO mode mixing, while the surfacelike modes show a strong mode mixing. ͓S0163-1829͑99͒12203-3͔
I. INTRODUCTION
Phonons in zero-dimensional quantum dots are beginning to attract attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] because of the interesting differences they exhibit relative to the bulk modes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and because of the implications for carrier dynamics. [13] [14] [15] [16] [17] The lack of translational periodicity in dots affects both the phonon states and the electron-phonon interaction. For example, the removal of the translational symmetry relative to the bulk is predicted to cause mixing 11 of the transverse optical ͑TO͒ and longitudinal optical ͑LO͒ modes, as recently has been observed by Krauss et al. 1 in PbS dots. Furthermore, the exciton-phonon interaction in dots can be enhanced so significantly that it results in a frequency renormalization of the LO-phonon mode, which has been observed by Zimin et al. 2 in the absorption spectrum and by Itoh et al. 3 in the luminescence spectrum of CuCl dots. Although numerous Raman scattering measurements have been carried out in CdS, 4, 5 CdSe, 6 CdS x Se 1Ϫx , 7, 8 CdTe, 9 and GaP ͑Ref. 10͒ dots, the conclusions regarding the dependence of the exciton-phonon coupling strength on the quantum-dot size are conflicting: Shiang et al. 4 find that the exciton-phonon coupling decreases with decreasing dot size, while Scamarcio et al. 8 find that the coupling increases with decreasing size.
Despite numerous experiments, there are only a few theoretical investigations 11, [14] [15] [16] [17] of phonons in quantum dots. Since the electronic 18, 19 or vibrational states of a dot can be thought of as a linear combination of the bulk periodic states from different bands and Brillouin-zone wave vectors, it is important that a theory of phonons in dots uses a realistic description of the bulk-phonon dispersion. Indeed, the details of the shift of the vibrational frequencies with the dot size may depend crucially on the bulk-phonon dispersion ͑see Sec. III D͒. Almost all of the theories of phonons in dots either neglect the bulk phonon dispersion or assume a continuum model as an approximation ͑i.e., an elastic model for the acoustic modes 14 and a dielectric model for the optical modes [15] [16] [17] ͒. Furthermore, an accurate description of the phonon structure has also been found 12 to be important in calculating the exciton-phonon interactions: the microscopic model and the macroscopic dielectric model for the optical phonons gave 12 rather different scattering rates in GaAs/ AlAs quantum wells. The necessity to obtain accurate bulk phonon dispersion curves suggests that an atomistic description for phonons in dots is needed. However, the atomistic approach raises another problem, namely, how to analyze and classify the vibrational modes in dot systems consisting of several thousands of atoms. This problem does not occur in simplified model calculations 11, [14] [15] [16] [17] where the symmetry of the model usually provides series of good quantum numbers to identify the modes.
In the present paper we use an atomistic approach to study the vibrational structure of GaP quantum dots. We develop an empirical valence-force field ͑VFF͒, consisting of a shortranged part to describe the covalent bonding and a longrange part to describe the Coulomb interaction between point-charged ions. This atomistic force field reproduces accurately the bulk-phonon dispersion curves. We apply it to spherical GaP dots containing up to 2000 atoms and use a dual-space method to efficiently analyze and classify several thousands of vibrational modes of these dots. Specifically, we use a ''mode projection approach'' in reciprocal space to understand the relationship between the phonons in dots and their counterparts in bulk, while a ''localization radius'' constructed in real space is used to investigate the spatial localization of the dot eigenmodes. Using these techniques, we find that the phonon modes in dots are either bulklike or surfacelike states.
͑a͒ The modes that are localized within the interior of the dot have a clear bulk parentage in terms of their projection onto the bulk-phonon states, and, therefore, can be approximated by a single band at a single-wave vector of the bulkphonon dispersion. The frequencies of the ⌫-derived LO and TO dot-interior modes are found to decrease with decreasing PHYSICAL REVIEW B 15 JANUARY 1999-II VOLUME 59, NUMBER 4 PRB 59 0163-1829/99/59͑4͒/2881͑7͒/$15.00 2881 ©1999 The American Physical Society dot size. This is consistent with experiments. 10 Unlike the case in PbS dots, 1 we find no significant LO/TO mixing for the bulklike modes in GaP dots.
͑b͒ The surfacelike modes are localized at the perifery of the dot, and their eigenvectors are superpositions of many bulk-phonon states from different bands and different points of the Brillouin zone. The surfacelike modes located between the bulk LO-and TO-phonon bands have a significant bulk-⌫ character and, thus, may be Raman active. In contrast to the bulklike modes, these surfacelike modes exhibit significant LO/TO mixing.
II. THEORETICAL METHODS

A. Phonon frequencies and eigenstates: Bulk and dots
The atom-atom force field U(͕r i ͖)ϭU SR ϩU LR used here includes a short-range part U SR , which describes the covalent bonding, and a long-range part U LR , which describes the Coulomb interaction between point-charged ions. For atom i bonded tetrahedrally to atoms j and k, the short-range interaction is
where r i j ϭr i Ϫr j is the vector connecting atoms i and j, and ͕␣ i j ,␤ jik ,␥ jik ,␦ jik ͖ are short-range force constants. a 0 is the equilibrium bond length. The first two terms in Eq. ͑1͒ are the bond-stretching and bond-bending terms familiar from the commonly used Keating's VFF models, [20] [21] [22] [23] while the remaining two terms describe the coupling between the bond-stretching and bond-bending and between the bondstretchings of two nearest bonds, respectively. For compound semiconductors there is an additional Coulomb interaction 21, 22 term between the ions, which is simulated by point charges at the ionic positions:
Here, Z i * is the effective charge of ion i, and ⑀(ϱ) is the dielectric constant at infinite frequency. We use Ewald's method 24 to calculate the sum in Eq. ͑2͒ for periodic-bulk systems. For finite quantum dots, the summation in Eq. ͑2͒ is calculated directly.
The atomic force constants ⌽ , (i, j) are obtained from the force field UϭU SR ϩU LR as
where and label the Cartesian coordinates. The phonon frequencies nk ϵ2 nk ͑of branch n and wave vector k͒ and eigenmodes Q nk () of bulk GaP are then obtained by diagonalizing the dynamical matrix:
Here is the atomic index inside the primary cell, i.e., r i ϭr ϩR l , where R l is a lattice vector. The matrix element
where M is the mass of atom. The displacement of atom i corresponding to the phonon eigenmode Q nk () is
Equations ͑1͒-͑6͒ are also valid for quantum dots except that only kϭ0 is considered.
The constants ͕␣ i j ,␤ jik ,␥ jik ,␦ jik ͖ of the short-range force field in Eq. ͑1͒ and the ion-effective charge Z i * in Eq.
͑2͒ are obtained by fitting the calculated bulk-phonon frequencies of GaP to the experiment. 26, 27 Specifically, the effective charge is calculated from the experimental LO/TO splitting at the zone center ⌫ point using the relation
where ⍀ is the volume of the bulk-unit cell, and is the reduced mass of the two atoms in the compound semiconductor. The short-range interatomic interaction parameters are then obtained by fitting the measured 26,27 phonon frequencies at bulk ⌫, X, and L points using a least-square procedure. The resulting parameters for GaP are given in Table I .
B. Method for analyzing the dot eigenmodes
For quantum dots with several thousands of phonon eigenmodes it is important to find an efficient and transparent way of analyzing the characters of these numerous eigenmodes. We do this by using a dual-space technique ͑i.e., in real space and in reciprocal space͒.
In real space, we define the ''localization radius'' for a normal mode as 
where r c is the dot center. R tells us in what part of the dot is the eigenmode localized, distinguishing modes that are localized inside the dot ͑''bulklike modes''͒ from those localized at the periphery of the dot ͑''surfacelike modes''͒. In reciprocal space we use the projection approach to establish the relation between the dot modes and the bulk modes. 25 We first expand the dot displacements u dot in the bulk states u nk bulk of branch n and wave vector k:
The projection coefficients C nk () are calculated using the orthogonality of u nk bulk . We define the Brillouin-zone parentage P (k) of a dot mode as the contribution of the bulk eigenmodes with the wavevector length k in forming this dot mode:
This quantity tells us which part of the bulk Brillouin zone ͑BZ͒ contributes to a given dot eigenmode. We also define the bulk-⌫ parentage T (n,K cut ) measuring the extent to which the dot eigenmode is derived from the bulk states near ⌫:
where k is the direction angle of wave vector k. Typically, we choose K cut as 2ͱ3/D ͑where D is the diameter of the dot͒, which is determined by the first node kϭ2/D of the spherical Bessel function j 0 (kr). Finally, in order to investigate the possibility of mode mixing in dots, we define the bulk-band parentage of the dot mode as
When A (n) of the dot mode has significant contributions from different bulk phonon bands n, we say that there is a ''mode mixing,'' e.g., LO with TO.
III. RESULTS AND DISCUSSIONS
A. Phonon dispersion of bulk GaP Figure 1 shows the calculated phonon-dispersion curves of bulk GaP, compared with the experimental data. 26, 27 The calculated TO-and LO-phonon frequencies at ⌫ are 10.97 and 11.98 THz, respectively, close to the experimental values 27 of 10.95 and 12.06 THz. Although the theoretical fit is done only at the ⌫, X, and L points, Fig. 1 shows that the calculated dispersion curves agree well with the experimental data throughout the Brillouin zone for both the acoustic and optical branches. Specifically, the downward dispersion of the bulk TO-and LO-phonon bands near the ⌫ point is reproduced quite well by our model. We will see later ͑Sec. III D͒ that this feature is important for describing the size dependence of phonon frequencies in quantum dots. The calculated bulk dispersion also agrees well with the recent firstprinciples result obtained by Ozoliņš and Zunger 29 using the density-functional linear-response theory. For example, the largest frequency difference between the LO-and TOphonon bands along the ͓111͔ direction is 2.04 THz in our model and 1.70 THz in the first-principles calculation. 29 In comparison, an earlier calculation of Kushwaha and Kushwaha 30 using an eight-parameter bond-bending force model gave 3.8 THz as the largest LO/TO frequency difference, and the calculation of Kagaya and Soma 31 using the Heine-Abarenkov model potential gave an upward TO band dispersion.
B. Phonons in GaP quantum dots
We have studied four spherical GaP dots: Ga 140 P 141 , Ga 240 P 225 , Ga 456 P 435 , and Ga 1060 P 1061 with diameters Dϭ22.2, 26.2, 32.5, and 43.4 Å, respectively. The atomic positions in the dots are assumed to be the same as in the bulk. We use the same force field for GaP dots as that used for the bulk, except that the boundary condition is changed appropriately. We aim to simulate ''free-standing'' quantum dots such as those generated in porous form by anodization current. 10 The dot surface is thus assumed to be free without passivating atoms and without surface reconstruction. We directly diagonalize the full dynamical matrix of Eq. ͑5͒ to obtain the phonon frequencies and eigenmodes, which are then subjected to the analysis of Eqs. ͑10͒-͑12͒. Figure 2͑a͒ shows the phonon densities of states ͑DOS͒ for the four studied dots. The phonon DOS has been broadened by a Gaussian with a width of 0.9 THz. We also show, for comparison, the bulk-phonon DOS, calculated using 408 special k points 32 in the irreducible Brillouin zone ͑corre-sponding to 4096 k points in the whole zone͒. Note that in the following we use 2 rather than as the x-axis scale in order to achieve higher resolution in the optical region. Due to the absence of passivation at the dot surface, a few dot modes (ϳ10 out of several thousands, not shown in Fig. 2͒ are found to have very small imaginary frequencies, signaling a dynamical instability of the unpassivated dots. We note from Fig. 2͑a͒ the following features. ͑i͒ While the phonon DOS of the small dot (D ϭ22.2 Å ) is quite different from the bulk DOS, they become more similar with increasing dot size.
͑ii͒ Some phonon modes appear in the frequency range where there are no bulk modes. These regions are shaded in is the phonon gap between the bulk acoustic and optical modes, and region II ( 2 ϭ120-130 THz 2 ) is the phonon gap between the bulk TO and LO modes. We will see later from the ''localization radii'' ͓Fig. 2͑b͔͒ that these ''gap modes'' are localized on the dot surface.
͑iii͒ Although the ''gap modes'' exist even in the very large dots ͑with several thousands of atoms͒, their peak intensities relative to the bulklike modes decrease significantly with increasing dot size.
C. Mode analysis using the dual-space approach
The ''localization radii'' ͓see Eq. ͑8͔͒ for the dot with diameter Dϭ32.5 Å are shown in Fig. 2͑b͒ . Comparison with the phonon DOS in Fig. 2͑a͒ shows the following features.
͑i͒ The gap modes in regions I and II have their mode centers close to the dot's surface ͓Fig. 2͑b͔͒, thus being ''surfacelike modes.'' ͑ii͒ The dot modes that correspond to the sharp peaks of the bulk DOS have their localization radii in the dot's interior, thus being ''bulklike'' ͑dot-interior͒ modes. Our ''Brillouin-zone parentage'' analysis and the frequencies of the dot modes indicate that the modes at 2 ϭ9, 40, 95, 113, and 138 THz 2 in Fig. 2͑b͒ are derived from the bulk TA(X)
͑TA modes near the X point͒, LA(L), TO(⌺) ͑TO modes along the ͓110͔ direction͒, TO(X), and LO(⌺) modes, respectively. These dot-interior modes are clearly separated from the surface modes. ͑iii͒ The dot modes with intermediate localization radii ͑around 11 Å in Fig. 2͒ have their vibrational amplitudes both inside the dots and near the dot surface.
͑iv͒ We find that the distributions of localization radii R vs for different dot sizes contain similar features ͓com-pare Fig. 2͑b͒ with Fig. 6 below, showing the localization radii of a much smaller dot͔. This surprising ''selfsimilarity'' exists for both the dot-interior modes and the surfacelike modes, and it holds to the smallest dot size considered.
To study the evolution of an individual dot mode with the size D, we have to identify the same phonon mode in different dots. We are particularly interested in the dot modes that derive from the bulk ⌫ states, since such modes play an important role in Raman scattering. We use for this purpose the ''bulk-⌫ parentage'' T (n,K cut ) defined in Eq. ͑11͒. Figure 3͑a͒ shows the bulk-⌫ LO character and Fig. 3͑b͒ gives the bulk-⌫ TO character for the Dϭ32.5 Å dot phonons with frequencies above 10 THz. We see in Fig. 3͑a͒ tributions from both bulk TO-and LO-phonon bands. The fact that the surface modes in Fig. 3 have sizable contributions from bulk k points near ⌫ implies that these modes might be Raman active. Indeed, in a micro-Raman scattering study of porous GaP nanocrystallites, Tiginyanu et al. 10 observed a small peak between sharp bulk derived LO-and TO-phonon peaks. They suggested that the origin of this peak is due to the dot surface-a suggestion that is supported by our theoretical result.
D. Evolution of mode frequencies with dot size
Once the character of the dot modes is identified for different dot sizes ͑Fig. 3͒, we can trace the size dependence of the frequencies of these modes ͑Fig. 4͒. In order to facilitate the understanding of the evolution of phonon frequency with the dot size, we choose four special modes: the bulk-derived LO(⌫) and TO(⌫), the ⌫-derived acoustic mode A(⌫), which is the dot's mode of the lowest-acoustic frequency, and the X-derived longitudinal acoustic mode LA(X), which is the dot's mode of the highest-acoustic frequency. The ⌫ character of the A(⌫) mode and the X character of the LA(X) mode can be seen from their Brillouin-zone parentages ͑see Fig. 5 below͒. These four modes are all dot-interior states according to their localization radii. We see from Fig.  4 that both the TO(⌫) and LO(⌫) modes shift down in frequency with decreasing dot size. This is consistent with the experimental measurements 10 where both LO-and TOphonon Raman peaks were found to shift to lower frequencies with inceasing anodization current ͑i.e., decreasing dot To understand this frequency shift with the dot size, we recall from Eq. ͑9͒ that, in general, the frequency of a bulklike mode can be expressed as a linear combination of the bulk-phonon frequencies:
One may wonder whether, given ͕ nk bulk ͖, there is a way to guess dot without doing a full calculation of C nk () . Specifically, the question is whether there exists in Eq. ͑14͒ a single wave vector k* and a single branch n, most associated with the dot mode , which satisfies TABLE II. Comparison of the frequencies of the four dot modes A(⌫), LA(X), TO(⌫), and LO(⌫), described by Eq. ͑13͒, as obtained from direct diagonalization of the dot's dynamical matrix and as obtained from the truncated crystal method of Eq. ͑15͒ ͑in parentheses͒. Isotropically averaged bulk-phonon dispersion is used in the truncated-crystal model for spherical dots.
Dot diameter ͑Å͒
Frequencies of dot modes ͑THz͒
A(⌫)
LA ( We use the ''Brillouin-zone parentage'' P (k) to answer this. Figure 5 shows, for the Dϭ32.5 Å dot, the Brillouinzone parentages of the bulklike A(⌫), TO(⌫), LO(⌫), and LA(X) modes with frequencies 2 ϭ0.046, 119.2, 140.7, and 51.1 THz 2 , respectively. We see from Fig. 5 that the above considered bulklike modes all have a dominant BZ parentage peak around their bulk origins ͓e.g., A(⌫), TO(⌫), LO(⌫) near ⌫, and LA(X) near X͔, i.e., for the bulklike dot modes there exists a k* that satisfies Eq. ͑15͒. For the ⌫-derived A(⌫), TO(⌫), and LO(⌫) modes, the peak positions of the Brillouin-zone parentages are located near ͉k*͉ϭ2/D. In fact, this k* has been used 33 in the ''truncated crystal'' method to estimate the electronic-orbital energy in dots from the bulk-band structure using Eq. ͑15͒. In the truncated-crystal method one seeks a wave vector k* for which the envelope function vanishes at the dot boundary. For spherical dots the smallest k* that satisfies this boundary condition is 2/D. This approach then relates the bulk dispersion nk to the frequency in dots. The smaller the dot, the further does k*ϰ1/D move away from the ⌫ point. Thus, the slope of the bulk dispersion away from ⌫ determines, in this model, the size dependence of the frequency of the dot's mode. Since the frequency of the bulk GaP optical phonons ͑Fig. 1͒ decreases when k departs from the ⌫ point, the frequencies of the dot's TO(⌫) and LO(⌫) modes should exhibit a redshift relative to their bulk values. This expectation is confirmed by our results obtained from the direct diagonalization of the dynamical matrix ͑Fig. 4͒. The scaling exponent of 1/D in Eq. ͑13͒ can also be qualitatively understood from a TC-type argument: since the frequencies of the bulk acoustic-phonon branches near ⌫ are linear functions of the wave vector ϰk, and since k*ϰ1/D, we obtain that ␦ϰ1/D ͑i.e., ϭ1), as indeed given by Eq. ͑13͒ for the A(⌫) mode. The bulk-phonon dispersion relations of the LO-and TO-phonon modes at ⌫ and of the LA-phonon mode at X are parabolic and, thus, lead to ␦ϰ1/D 2 , i.e., Ϸ2 in Eq. ͑13͒. More quantitatively, Table II compares the frequencies of the bulklike dot modes, as obtained from direct calculations, with those obtained from Eq. ͑15͒. We see that the two methods give the same trend of the frequency change with the dot size, and that they give quantitatively accurate results for the bulklike LO-and TO-derived modes. However, for the A(⌫) dot-phonon mode, the frequencies obtained from the two methods are quite different. This is probably due to the surface effect, which causes this mode to have a large localization radius ͓e.g., R Ϸ12 Å in Fig. 2͑b͔͒ and, therefore, destroys the conditions for the applicability of the truncatedcrystal model.
Since the surfacelike modes are localized in real space on the dot surface and, therefore, contain contributions from the bulk GaP modes all over the Brillouin zone, there is not a single k* to be used in Eq. ͑15͒ to describe their frequencies. This property of the surface modes is illustrated in An interesting possibility is the LO/TO mode mixing of the phonon modes in quantum dots, which can be induced by the lack of translational symmetry in dots. Table III gives the ''bulk-band parentage'' ͓Eq. ͑12͔͒ of the five dot modes shown in Fig. 5 for the Dϭ32.5 Å quantum dot. We see that in this relatively large dot there is no significant mode mixing for the bulk-derived A(⌫), TO(⌫), LO(⌫), and LA(X) modes. However, there exists a significant LO/TO mode mixing for the surface-related SO mode. This effect persists even in the very small GaP dots; Fig. 6͑a͒ shows the bulk TO and LO band parentage ͓Eq. ͑12͔͒ for the modes of the Dϭ22.2 Å dot. Again, we see that significant LO/TO mode mixing exists only in the frequency range where, according to the analysis of the localization radii in Fig. 6͑c͒ , the modes are surfacelike.
IV. SUMMARY
We have developed an atomic-force field for GaP, which gives an accurate bulk-phonon dispersion. This atomistic model is then used to calculate the phonon frequencies and eigenmodes of GaP quantum dots. The resulting several thousands of dot eigenmodes have been analyzed using the projection approach in reciprocal space and the localization radius in real space. We have found that the surface modes can be distinguished from the bulklike modes in both reciprocal and real space. In particular, we conclude the following.
͑1͒ The bulklike modes are localized inside the dot and have a clearly pronounced bulk Brillouin-zone parentage in reciprocal space. The frequencies of these modes can be approximated by the ''truncated crystal method'' with a singlebulk phonon band at a single-wave vector k*. The bulklike ⌫-derived TO-and LO-phonon dot modes both shift down in frequency with decreasing dot size. Unlike the case in PbS dots, 1 there is almost no LO/TO mixing for the bulklike modes.
͑2͒ The surface modes are located in the frequency range 2 ϭ120Ϫ130 THz 2 between the bulk TO-and LO-phonon bands, and in the range 2 ϭ60Ϫ90 THz 2 between the bulk LA-and TO-phonon bands. These surface modes are localized at the perifery of the dot. Their eigenmodes represent a superposition of many bulk bands with k points from all over the bulk Brillouin zone. The surface dot modes in the frequency range 2 ϭ120Ϫ130 THz 2 have considerable bulk TO and LO characters and, therefore, should be Raman active. There is significant LO/TO mode mixing for the surfacelike dot modes.
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